Abstract-This paper presents some practical design criteria for a plug-in type repetitive controller to achieve good tracking performance within a specified frequency range. Upper and lower bounds of the repetitive controller parameters that ensure the stability and the desired performance are derived. It has been found that the decay rate of the tracking error due to periodic inputs is related to the peak value of a defined regeneration spectrum function. The control performance of the present method is evaluated in an experimental software cam system, which needs periodic linear motions, where the real-time control algorithms are implemented using a floating-point digital signal processor (DSP). Both computer simulation and experimental results are presented to illustrate the effectiveness of the proposed repetitive controller design.
I. INTRODUCTION
I N MANY industrial applications, for example, [5] - [9] , [13] , the motion characteristics and exogenous signals are often repetitive. One of the basic requirements in those control systems is that the controller should have the ability to regulate the system such that there are no steady-state errors for periodic inputs. It is well known [4] that the repetitive controller can work well for the system that involves periodic reference and/or disturbance signals. In the repetitive control system design, the internal model principle proposed by Francis and Wonham [2] plays an important role. Using the internal model principle, the controlled output of a stable feedback system can track a class of reference commands without steady-state errors, if the model generating these command signals is included in the closed-loop system.
In practice, however, the standard repetitive controller that only has a pure internal mode often results in very narrow closed-loop bandwidth due to the large phase shift of the internal mode. This means that such a repetitive control system may cause sluggish transient response and has poor tracking performance, although it is able to track the periodic input perfectly at the steady state. As a practical repetitive controller, it should have larger closed-loop bandwidth to satisfy the required transient response for good tracking control. It is known [4] that using an additional filter within the control loop is able to improve the closed-loop control performance, which can be characterized by its sensitivity function at specified Publisher Item Identifier S 1063-6536(02)03413-9. frequencies. This also implies that the control performance can be characterized by the shaping of its sensitivity function. Many literatures, for example [4] , [12] , have studied the design and analysis of the repetitive control system. Srinivasan and Shaw [11] introduced a so-called regeneration spectrum to estimate the locus of the dominant closed-loop poles of the repetitive control system. In fact, in a control system, the design of the repetitive portion of the controller can be separated from the conventional servo-controller. In this way, the repetitive controller can be added afterwards without disturbing the existing stable servo-controller. This type of control has been named plug-in repetitive control [4] . This paper adopts the plug-in control scheme since the implementation is easily accomplished, and applies the regeneration spectrum to perform the controller design and performance analysis. A repetitive control scheme is derived and proposed where the controller parameters are designed based on the sensitivity shaping. Therefore, this paper offers some insights in the tradeoff between system stability and tracking performance by combining the regeneration spectrum and the sensitivity function. This paper is organized as follows. Stability analysis and control synthesis of the typical plug-in type repetitive controller are first addressed, and then the stability conditions for the proposed repetitive controller are derived. The tracking error resulting from the repetitive controller is analyzed in the time-domain. Simulation and experimental results are provided to confirm effectiveness of the proposed design procedure. Finally, concluding remarks are given.
II. REPETITIVE CONTROL PRELIMINARY
Repetitive control is one of the specific control schemes in which the objective is to remove the errors due to the fundamental and harmonics of the periodic inputs. Repetitive control design, which is based on the internal model principle, can accomplish perfect tracking in the steady state if the generator for all frequency modes of the periodic signal is included in the control loop [2] . A periodic signal with a period of can be generated using the time delay system in Fig. 1 [4] . Such a time delay system has the transfer function , which has an infinite number of poles on the imaginary axis at ; , where . Clearly, this is a plug-in type controller that consists of a pure time delay forward path incorporated in a positive unity feedback loop. It is expected from the internal model principle that the asymptotic tracking for exogenous periodic signals can be achieved by incorporating the plug-in model into the closed-loop system. A controller with this model is called a repetitive controller and a system with such a controller is called a repetitive control system, as described in the following [4] .
For a controlled plant , the feedback design is to determine at least a controller such that the unity feedback system is internally stable. Fig. 2 shows a typical repetitive control system where is a proper rational function, is the reference input, is the system output, and is the tracking error. The repetitive controller has a low-pass filter cascaded with the time delay and has a positive unity feedback loop. This repetitive control scheme has the advantage of easy implementation, since the repetitive controller just augments the existing control loop as a plug-in. The controller design here aims to achieve a tradeoff between system stability and tracking performance and will be investigated in details below.
Consider the repetitive controller design problem in Fig. 2 . Let be a predesigned controller such that the closed-loop system is internally stable, and is assumed to be a strictly proper rational function with where denotes the -norm of a stable transfer function [3] .
The closed-loop characteristic equation of Fig. 2 is given by
Let the regeneration spectrum of Fig. 2 be defined as [11] (2)
By assumption, has no zeros in the closed right-half plane. If for all (i.e., ), by the small gain theory, the closed-loop system in Fig. 2 is stable for . This implies that the design of will affect the stability of the overall repetitive control system. Note that is the sensitivity function of the unity feedback system in Fig. 2 without the repetitive control loop, and that the complimentary sensitivity is such that . Let and as shown in Fig. 3 . Since , a condition to ensure is given by (3) This characterizes a basic criterion on the stability for the design of since both and can be found from as is given. In addition to the closed-loop stability, it is of interest to make the magnitude of the sensitivity function (the case with the repetitive control action), denoted as , as small as possible over a certain frequency bandwidth so that the closed-loop system has a good tracking performance. The sensitivity function in Fig. 2 is given by (5) (6) where characterizes the effect due to the plug-in repetitive controller. Note that the magnitude of will be examined only at the harmonics of , since the input is supposed to be periodical signals. Based on the stability condition of (3), Lemma 1 gives a sufficient condition for choosing a low-pass filter to reduce the magnitude of the sensitivity function at the harmonic frequency of . Lemma 1: If then and hence where . Proof: For the proof of Lemma 1, please see Appendix. Lemma 1 shows a criterion for the design of to improve the tracking performance where the low-pass filter can be any strictly proper rational function. For simplicity, in the following, let be a second-order low-pass filter given by (7) where the cutoff frequency and the phase advance are two free design parameters. Note that the damping factor determines the slope of the filter gain in the frequency region near the cutoff frequency . It can be proved that for any and as . Based on the stability condition of (3), an upper bound of can be found as (8) The lower and upper bounds of are also derived by the following lemma. 
For simplicity, of can be found such that Thus, by Lemma 2, , . This shows a useful condition to characterize . It can be concluded that for the repetitive control system in Fig. 2 , the magnitude of the sensitivity function defined in (5) can be reduced by the design of at all of harmonic modes within the filter bandwidth of . Now consider the tracking error of Fig. 2 in the time-domain. Let denote the inverse Laplace transformation. From it can be found that Let denote the 2-norm of a function [3] . Then, if , , for and hence , as . This implies that the tracking error tends to be zero with the decay rate being governed by , i.e., the peak value of the regeneration spectrum. Clearly, if is made to be smaller, the system has better tracking response. However, in practice, the tracking error of the repetitive control system in Fig. 2 may not be zero in the steady state, since the low-pass filter only allows the specified harmonics of the input signal to pass, subject to the filter bandwidth . Ideally, it seems possible to completely eliminate the tracking error by increasing the filter bandwidth. However, the cutoff frequency of should be limited by the stability condition of (8).
III. ANALYSIS OF MODIFIED REPETITIVE CONTROL
To effectively increase the operating bandwidth for reducing the tracking error, a modified repetitive controller is proposed as shown in Fig. 4 where a phase advance compensator, , is a new design freedom. For simplicity, let where is a nonnegative constant. This new design parameter is introduced such that the tracking performance can be further improved from that in Fig. 2 .
In analogy to (1) and (2), the characteristic equation of the closed-loop system in Fig. 4 and its corresponding regeneration spectrum are found, respectively, as (11) (12) where (13) Then, the complimentary sensitivity is given by Note that since . Now, the sensitivity function of the repetitive control system in Fig. 4 is given by (14) (15) where , similar to (6) , is the modifying factor of to characterize the corresponding action resulting from the modified repetitive controller. Clearly, if is chosen such that and then the closed-loop system in Fig. 4 is not only stable, but the tracking error is also lower than that in Fig. 2 . Suppose that the low-pass filter of (7) is found based on Lemma 2. In the following lemma, the bound of parameter is derived. Note that here the sensitivity function is only examined at the harmonic mode of . Consequently, for a given loop transfer function , the following is a design procedure for determining the repetitive controller in Fig. 4 .
Step 1) Plot the magnitude of the sensitivity function (without the repetitive controller) to get and .
Step 2) Find a suitable cutoff frequency of by condition (8).
Step 3) Choose of to meet conditions (9) and (10) of Lemma 2 for . Step 4) Choose of to meet the condition of Lemma 3. Remark: A tradeoff in the choice of and will probably be necessary during the design process such that both the tracking performance and robust stability can be achieved simultaneously. Clearly, the repetitive control system in Fig. 4 can be achieved for a higher bandwidth with and , in which the magnitude of the sensitivity function is reduced at the harmonics of the input signal within the frequency range . This should be able to improve the tracking performance for periodic input signals but, as expected, will also cause a degradation at intermediate frequencies. 
IV. A DESIGN EXAMPLE

A. Repetitive Controller Design
Consider the experimental setup in Fig. 5 where the linear servomotor is controlled to generate the linear motion directly as in a mechanical cam-follower system. As a software cam control system [14] , the desired cam motion profile can be generated from a personal computer. Since the input command is inherently periodic, the proposed plug-in type repetitive controller is employed for tracking control. The repetitive controller is implemented on a digital signal processor (DSP) where all the control algorithms are written in C Language and executed using the TI TMS320C30 floating-point processor. An equivalent controller to the scheme in Fig. 4 , which can be implemented in real-time, is shown in Fig. 6 . For the proposed repetitive control system, the sampling period was set to 10 ms and the time delay functions and are approximated using the third-order Pade's approximation, respectively, in the real-time control implementation.
For controller design, the mathematical model of the controlled plant (i.e., the linear servomotor and its drive, as shown in Fig. 5 ) can be found by measuring its frequency responses. A spectrum analyzer was used to find the transfer function of the controlled plant from the input command to its output velocity. The measured transfer function is given by Let the position loop controller be a proportional gain for simplicity as often used in the industry. Then, the loop transfer function of the position control system is given by where is the transfer function from the speed command input to the controlled position output. is chosen due to the physical constraint measured by the spectrum analyzer. It has been verified that the unity feedback closed-loop system is stable with . So a plug-in type repetitive controller can be directly placed into the closed-loop control system, as shown in Fig. 6 , to improve tracking performance for periodic command inputs.
To behave like a cam-follower system with a speed of 240 r/min, consider that the fundamental frequency of the input command is 4 Hz . Using the design procedures presented in Section III, the magnitude plot of first gives both Hz and . Further controller parameters and can be found, respectively, as Hz and Fig. 7 shows the upper and lower bounds of the phase plot for the chosen , where the minimum upper bound occurs at and the maximum lower bound at . Clearly, as shown in Fig. 7 , the phase plot of the chosen low-pass filter satisfies the condition of Lemma 2 for the harmonics within 21 Hz. The phase plot of shown in Fig. 8 also satisfies the condition (16) of Lemma 3 within the desired bandwidth. Fig. 9 shows the regeneration spectrum (solid), the magnitude plot of defined in (14) (dashdot), and (dashed), respectively. The repetitive control system is robustly stable since the peak value of the regeneration spectrum is around . Fig. 10 shows the three sensitivity functions, (without the repetitive controller), (with the repetitive controller but without the time advance compensation, i.e., ), and (with the repetitive controller and the time advance compensation), respectively. From Fig. 10 , two expected results can be verified. First, the magnitude of (i.e., the case without the time advance compensation) is smaller than those of at integral multiples of the fundamental frequency 4 Hz (i.e., the harmonic frequencies of the input signal) within the filter cutoff frequency 21 Hz. Second, the magnitude of (i.e., the case with time advance compensation) is much smaller than that of at those harmonic frequencies, especially over the specified cutoff frequency. than the trapezoidal and that its velocity and acceleration are continuous [8] , [10] . Figs. 12 and 14 show the simulation results of the typical (i.e., without the time advance compensation) and proposed (i.e., with the time advance compensation) repetitive control. It is clear that the transient responses of the tracking error of the proposed repetitive control decay rapidly within two cycles of the input signal as a consequence of the relatively good stability of the repetitive control system. It can also be seen that the tracking performance resulting from the case of the cycloidal signal is better than that of the trapezoidal. Note that in practice, since most periodic command signals encountered have a power density concentrated in the first few harmonics, only a finite number of frequency modes usually need to be dealt with, in the control loop. A repetitive controller for periodic input tracking should possess certain closed-loop bandwidth, so that the transient response is satisfactory and the steady-state tracking error is acceptable. For some periodic signals, such as the trapezoidal curve, the steady-state tracking error of the proposed repetitive control system may tend not to be zero. This is because the low-pass filter for improving stability only allows the specified harmonics of the input signals to pass, e.g., subject to the chosen filter bandwidth of Hz.
B. Experimental Results
In the experimental setup, a cycloidal cam motion is consider here, which in order to behave like a mechanical cam has a numerical software generating the cam profile driving rotary motor at a speed of 240 r/min. Fig. 15(a) shows the input signal and Fig. 15(b) and (c) present the tracking responses of the typical and proposed repetitive control systems obtained from the experiment. It can be seen that, the peak value of the tracking error resulting from the proposed repetitive control is smaller, and its tracking error decays rapidly within the first two cycles of the input signal.
V. CONCLUSION
This paper has presented a plug-in type repetitive controller to overcome the stringent stability requirements for perfect regulation. Simple and intuitive design procedures were developed, which achieved the effective trade-offs between performance and stability. The aforementioned results verified the validity of the proposed design method by applying the modified repetitive controller as a plug-in module on the software cam system. The experimental results also showed that the repetitive controller could effectively improve the tracking performance for periodic motions of software cam systems. 
APPENDIX
Proof of Lemma 1
